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1 Introduction 



Dispersionless integrable hierarchies have been an active subject of research in recent years. 
The dispersionless KP (dKP) hierarchv|12 t 113 1 123 1 125] anci dispersionless Toda (dToda) hierarchy[22, 
E3] are now the prototype systems in several branches of physics and mathematics, such as 
topological field theories, matrix models, string theory, Laplacian growth problem and confor- 
mal maps (see, e.g., [U El El El Q21 EH ED E21 EH 132] . and references therein). The solution 
of the dispersionless integrable hierarchies can be characterized by a r-function whose loga- 
rithm, F = log r, called free energy satisfies a set of dispersionless Hirota (dHirota) equations 
and gives the solutions to the associativity equations or Witten-Dijkgraaf-Verlinde-Verlinde 
(WDVV) equations introduced in the context of topological field theories [T0| [HI [30] . 

It was shown |3j that the associativity equations are encoded in the dHirota equations for the 
dKP and the dToda hierarchies. There are several works devoted to derive the corresponding 
dHirota equations. For the dKP hierarchy, Takasaki and Takebe[25j derived them by taking 
the dispersionless limit of the differential Fay identity. Later, Carroll and Kodama[6] studied 
it from the approach of kernel formulas. As for the dToda hierarchy, Wiegmann and Zabrodin 
et al.[29j investigated the dHirota equations in the language of conformal mappings. Teo[28j 
derived the dHirota equations for both the dKP and dToda hierarchies in the content of 
complex analysis using the notion of Faber polynomials and Grunsky coefficients. 

In this work we shall focus on the universal Whitham hierarchy which was introduced by 
Krichever[16] as a universal framework for both dispersionless integrable systems and Whitham 
modulation equations. In particular, the genus-zero case is the main target of recent researches 
(see e.g., [El [201 El El El ESI EZ]) since the universal Whitham hierarchy is the master 
equation of many other dispersionless integrable systems. Based on the work of Carroll and 
Kodama[6] (see also [7]) we like to generalize the kernel formula approach for the dKP hierarchy 
to derive the dHirota equations of the universal Whitham hierarchy. Moreover, motivated by 
the work of Boyarsky et al.[3], we intend to provide a direct verification of associative equations 
in the universal Whitham hierarchy from the dHirota equations point of view. 

This paper is organized as follows. In the next section , we briefly recall the Lax formulation 
for the universal Whitham hierarchy of zero genus case. In section 3, the kernel formula 
approach is employed to derive the dHirota equations of the universal Whitham hierarchy. In 
Section 4, following the work of [3] , we will prove the associativity equation of the universal 
Whitham hierarchy from these dHirota equations and give a realization of the associative 
algebra. The situations of the finite-dimensional reduction are also briefly discussed. Section 
5 is devoted to the concluding remarks. 
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2 Lax Formulation of the Universal Whitham Hierarchy 

The universal Whitham hierarchy of genus zero with N + l marked points at q a {a. = 1, • • ■ , N) 
and oo on Riemann sphere is defined by the Lax functions |16j 

Ao(p) = p + ^2ujp~ J+1 
i=2 

^a(p) = — hVuajb-gar 1 , a = l,---,N 

P-Va p[ 

where Uj and u a j are functions of the time variables to n (n = 1, 2, • • • ) and t an (a = 1, • • • ,N;n = 
0, 1, • • • ). One can regard Ao as a map defined in domain £Iq containing p = oo, while \ a in 
Q a containing p = q a . Ao and X a satisfy the Lax equations 

dan\p(p) = {B an (p),\j3(p)}, d an = d/dt an (1) 

where the Poisson bracket is defined by {/,<?} = d p fdoig — 8qi fd p g and 

Bon(j>) = (Ao)( 0j >0) 

B an {p) = (K)(a,<o), n = l,2, ••• 
B a o(p) = -log(p-g«). 

Following the notation used in [T9l [26] we shall denote ()(o,>o) an d Q( a ,<o) as the projections 
to nonnegative powers in p and negative powers in (p — q a ), respectively. Therefore 

K(P) = B Gn {p) + 0(p- v ), p^oo, 
X n a {p) = B an (p) + 0(1), p^q a . 

In particular, -E>oi(p) = P and B a \(p) = r a j (p — q a ). The Lax equations can be written as the 
Zakharov-Shabat equations 

d/3 n B am (p) - d am Bp n (p) + {B am (p), Bpnip)} = 

which is equivalent to u A uj = with 

oo N oo 

0J = ^2 dB Qn A dt Qn + ^ rf - Bon A dtcm- 

n=l a=l n=0 

Introducing Darboux coordinate (Ao,-Mo) in ^o an d (\ a ,M a ) in £l a , we have 

uj = d\o A dMo in £7o 
= (f A Q A dM a in J1 Q 



where the Orlov-Schulman functions Mq and M a are defined bv|19t 

t N 

n=l ^ n=l o=l 



....! Xa n-l 



■11— ± 
satisfies 

danMp = {B an ,M p } 

and the canonical relation {Ao, Mo} = {A Q , M a } = 1. 

From the expressions of the symplectic two- from uj we have, in Qq, 

/ 00 N 00 \ 



d M d\ + ^2 B 0ndt 0n + ^2^2 B andt an = 0. 



\ n=l o=l n=0 

Therefore, there exists a S 1 - function, So, such that 

00 N 00 



on- 

n=l a=l n=0 



dSo = M ci\o + ^2 B 0ndt 0n + ^ B anA 
On the other hand, in Q a , we have 

dS a = M a d\ a + ^2 B 0ndt 0n + ^ B <™ dt 



N 00 

an- 



n=l a=l n=0 

It turns out that the Orlov-Schulman functions Mq and M a have the expressions 

aAo aA a 
then the S-functions admit expansions of the form 

A~ n 

So = / *OnAo + too log Ao — / — — Von, 
n=l n=l 

\—n 

S a = ^ t an \™ + tqQ log \g+ 4>g— ^ —"aw 
?1=1 ?1=1 

The Hamilton-Jacobi equations are defined by 

danSp = B an {pp) = B an {do\Sp) 
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hence 



A~ m 

Bon = do n Sa(t) = Ag — > — - — do n vo ri 

• m. 



m 

m=l 

A~ m 

= do n S a (t) = don<Pa ~ / . ~ — do n V am 

m=l 

A~ m 

-San = d an S() / d an VQ m 

m 

m=l 

= d an Sp = 5 a /3\p + d an <j)p — ^2 ~ — d an vp m 

171 

m=l 

B a0 = d a0 So = - log A - V] -^—d a0 v 0m 

m=l 

\ —m 

r V An 

= ^aoS/? = 5 a/3 log A/3 + d a 0<As - 2^ daQVpm. 

171 

m=l 

The above equations provide some relations between the coefficients (uj,Uj a , r a ,q a ) and (4> a ,v an 
For instance, from Bq\ = p we have 

A~ m 

p = d iS (\) = X -y -Q—d 01 v 0m , in O 

m=l 

^ A~ m 

p = 3 i5 a (A) = 5 i^ a - -^doi^W, in Q a 

m=l 

which implies U2 = doiVoi, la = <9oi0 a and r a = —doiv a i- On the other hand, B a o(p a ) = 
daoSa = — log(p a — q a ) which yields r a = e~ da0 ^°'. In fact, there exist a F function [HI [HI [26] 
such that 

von = F 0n , v an = F an , 4> a = -F a0 + tp log(-l), (2) 

/3=l 

where F an = d an F. Then we see that U2 = d^F, the dKP potential. And from r a = e~ da0 ^°', 
doid a iF — e d °>° F = 0, which is just the dToda field equation. We remark here that the Lax 
equation for the t a Q flow is d a o\ = {B a Q,X} = ~^-§^ if setting q a to be zero. The Poisson 
bracket may be written as, not so strictly, {/,<?} = ~{p^w^ ~ Pw~^7$p)- ^ ne time variable 
— t a Q seems to play the role of the parameter s in the usual Poisson bracket of the dToda 
hierarchy [22 [ I24 [ I25| . Therefore the universal Whitham hierarchy can be viewed as an assembly 
of one dKP hierarchy and N copies of dToda- like hierarchies. 
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3 Carroll-Kodama Approach 
3.1 Kernel Formulas 

In contrast to the dKP and dToda hierarchy, the Whitham hierarchy contains N + 1 Lax 
functions Ao and A a that are defined in domains and f2 a (a = 1, • • ■ ,N), respectively. To 
derive the kernel formulas of the universal Whitham hierarchy we shall generalize the method 
of kernel formula to the domains Oo, £l a , f2o H Q and Q Q fl Q.p(a ^ (3). 
In Qq, from the expression of Bq\ = p = doiSo, we have 

Ao — P — / ] — — -Pbl.Om = 0- 
m=l 

Multiplying above by Aq _1 (9 p Ao and taking the projection ()(o,>o) then we obtain 

9 P Qo,n+i(A) -pd p Qo, n (\) - y~] — 9 p Qo,n-m(A) = 0, n > 1 (3) 

m=l 

where Qo,n(A) = Bo n (X)/n. Taking the summation Yln=o^ n an< ^ noting that 5 p Qo,i = 1 we 
have 

\ m=l / n=l 



or 



PoO) -Po(A) 



Y, d pQ°,nWV~ n - (4) 

n=l 

Integrating above with respect to po(A) by fixing the integration constant at fi — > oo, we find 

/z ^0,n(A) _ n , . 

log — 7TT = > ! H (5) 

Po(m)-Po(A) ^ n 
Rewriting the expressions of po = doiSo and B$ n = do n So in kernel formula ([5]) as 

p (A) = A-A)(A)F i, 
^on(A) = A n -D (A)F „ 

where we have used the symbols D a (z) = ^7T® an - Then the kernel formula © becomes 

e DoMD (X)F = 1 _ doi(D (ll) - D (\))F ^ 

fi — A 

In fi Q , from B an = d an S a , we have 

r A~ m 
-Bai = = A a + d a \(j) a — y — — F Q i Qm 

m=l 
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Multiplying above by A™ d p \ a and taking the projection ()(o,<-2) then we obtain 

dpQ a ,n+iW ~ ( — d al (f) a ) d p Q an (X) - y~] al,am d p Q an - m (X) = 0, n > 1 (7) 

v ' m=l 

where Q a ,n(X) = B an (\)/n. Taking the summation ^n=o/ u_ ™ ano - n °ting that d p Q aj i = 



■ , r<x ^ we have 



or 



P - <?a / i m / i IP ' 

m=l / n=l 



/ '" ( " ) ''" - ". (8) 



OaO") -Pa(A))(p a (A) 



n=l 



Integrating above with respect to p a (A) by fixing the integration constant at /i — > oo, we find 
Rewriting the expressions of p a — q a , p a and B an in kernel formula ([9]) as 

„ _„ - p -d a0 S a (X) _ _ 1 p d a0 (d a0 +D a (X))F 
Pa Ha — c — ^ c 

p a (A) = 5 i5 a (A) = d m 4> a - D a (X)F Q1 
Ban = d an S a (X) = X n + d an (j) a — D a {X)F an 



then the kernel formula (|9j) becomes 

" X -d 01 (DM - D a (X))F. (10) 



e (9 Q o+D a (^))(9 QO +-D Q (A))F _ M 

fi — X 

In fio H £l a , let us rewrite (0) as 



U d On S o( X ) ,,-n 
1 = gZ^n = l n ^ - 

doiS ((j,) - doiS (X) 
By replacing So (A) by S a (X) and using the relations 

doiSa(X) = d i4> a - D a (X)F 01 
do n S a {X) = do n (/) a — D a (X)Fo n 

then we have 

^^W^o+^WJF = ^ _ 5oi(jDo(/i) _ a a0 _ £> a (A))F. (ii) 
On the other hand, one can derive (|lip from the kernel formula ([9]) by expressing it as 



After replacing S a (X) by So (A), then the above equation becomes 

Xe Do(X)( 9a0+ D aM )F = x _ dm{DQ{X) _ Q aQ _ DM)F 

which, after making an exchange X <-> n, coincides with ()11D , 
In Cl a n Clp with q ^ f3, we rewrite ([9|) as 

g-9a05 a (A) flanSa(X) „-„ 



3oi5' Q ,(A) - d iS a (n) 
By replacing 5 a (A) by Sp (A), then above equation becomes 

e -d a oSp(\) a an s p {x) 



e Ln=l (12) 



Since 



p -d a0 Sp(\) _ p -d aQ <t>p+d a oDp{\)F _ op d a Q(dpo+Df3(X))F 



d 01 £/?(A) - 9oiS a (/i) = d i(DM + d a0 - d po - D P (X))F, 
d an S p (X) = d an ^ - £ ^^A-"\ 




m 

m=l 

where 0^ is defined by ([2]) and 
Thus eq. (fT2|) can be expressed as 

eape (d a0+ D aM )(d, 0+ D,(X))F = _ dol{DM + daQ _ _ ^(A))F (13) 

Eqs. ©, ([lO]), (fTTj) and (fT3|) constitute the dispersionless Hirota equations of the genus-zero 
universal Whitham hierarchy. They describe algebraic relations between second derivatives of 
the free energy F. Remarkably, our results coincide with that by Takasaki and Takebe 
who derived these equations from the Hamilton-Jacobian equations in the context of the Faber 
polynomials. 

3.2 Dispersionless Hirota Equations 



Using the parametrization[27j: ton = nton, t a o = t a o and t an = nt an . the corresponding time 
derivative is written as d an = -J^— . Then the four dispersionless Hirota equations can be 

ot a - 
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rewritten as[ 

.Po(aO -Po(A) 



A,(aOA)(A)F = log 
D a (fi)D a (X)F = log 



fJL — A 
HKpM -PaW) 



fl ~ A (14) 

D Q (fi)D a (\)F = log — 



D a {^)D p {\)F = log 



A 1 



where we have use the new symbols : Dq(z) = ^m=i ^~A)n = ZmLi z ~ n ®0n, and D a (z) = 
d a Q + Yl^=i ^T^oin = S^Lo z ~ n dan- This set of equations will be our main interests in the 
following discussion. Note that they have the same form if applying the differentiation operator 
D${v) on them. The result can be summarized as a single equation: 

dm d pw d s(v)f = 7t~\ , (15) 

pM -ppW 



where a, /3, S = 0, 1, 2, • • • , N. In fact, we may rewrite (|14[) as a set of equations satisfied by 
the second derivatives of F. Letting \i — > A in (fH|) we have 

kFQkfli = Pk+l{X), X\=0,Xj>2= ^2 Fon,Om 

n+m=j 

kF ak>01 = e P °^ P k ^{X), X j > 1 = F anam 

n-\-m=j 

fe+1 

kFokfll = Pk+i(X) — '^^YlPk+l-liX), Xj>x = ^bn,aro>X?' = W-^On.am 

Z=l n+m=j n+m=j 

Jfe 

Z=l n+m=j n+m=j,n>l 

where k > 1 and P k (X) are Schur polynomials defined by e^ =1 = X^fc=o -^(-^O 5 * 1 - The 
first nontrivial one of each dHirota equation is given below 

^03,01 — ^02,02 — -^01,0l/2 = 

&i,oi - e # «°'-° = 

-^01,01 + F02,a0 + ^(31,00/2 = 

F Q i,oi±e^F Ql ^ = 

We remark that, in terms of t an , the first and the second equations are just the dKP and 
dToda equations, respectively. 
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4 Associativity Equations in the Whitham Hierarchy 



4.1 WDVV equations 

Let F be a function of the time variables tj where the subscribes J = {(0,n), (a, to)} with 
a = 1, • • • , N; n > 1, to > and denoting Fj = <9j-F, Fr-l = djdxF, etc. Let us define = ioi 
and introduce the nondegenerate metric fjjx = ^Jifj which provides a transformation between 
{tj} and {Fk/}- Thus 

A \- 9F JK dF AI st^^a « f-i c\ 

Fjkl = 2^ = 2^ °JKVAL (16) 

dF AI dt L 

where the coefficients Cf K defined above connect Fjkl and t)al- Notice that setting J = I 
one has t/kl = YIa^ikVAL and hence Cf K = 6 K . If Cj K are structure constants of an 
associative algebra generated by {4>j}, i.e., (f>j ■ 4>k = YIl^jk^l, then the associativity- 
condition (4>j ■ <j> K ) ■ <p L = 4>j ■ (4> K ■ 4> L ) yields Cf K Cf lL = C^ M C^ L , or, equivalently, 

^ Cf K F M LN = ^ Ckl f JMN- 
m M 

The above equation is known as the WDVV equations arising in the context of topological 
field theory [TOl [HJ [30]. Define a four indices quantity Xjkmn = ^2l^jk f lmn, then the 
WDVV equations can be replaced by the condition that X jkm n is symmetric with respect to 
permutations of any indices. Using the operator D a (z) introduced in the previous section, it 
is convenient to define the generating functions for Fjk, Fjkl, Cj K and Xjklm as follows: 

(17) 
(18) 
(19) 
(20) 

Hence the WDVV equations can be expressed in terms of the generating function as 

X(u a ,vp, w 7 , z s ) = X(u a ,w-y, vp, zs). 

4.2 From dHirota to WDVV 

Applying d a i on the first line of dHirota equation (|14p . we get 

(D (u) - D (v))d al F 01 



D a (u)Dp(v)F 


— ir n v~ m F « 

— / it u ± an, pirn 




n,m=0 


D a (u)Dp(v)D 1 (w)F 


= vr n v- m w - l F anfimaU 




n,m,l=Q 


C J (u a ,vp) 


= ^ U Hy m ^infirm 




n,m=0 


X(u a ,vp,w 1 ,zs) 


u- n v- m w- k z- l X anil3m ^ ky5 i 




n,m,k,l=0 



D {u)D {v)d al F 



Po(u) -po(v) 
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The left hand side is 



D (u)D (v)d al F = Yl u- n v- m F 0nfim , al 

n,m=l 

= ^ U ~ nV ~ m CL,Om F J,al,I 
J n,m=l 

= ^2C J (u ,v )Fj !a ij, 
J 

while the right hand side is 

(b (u) - D (v))d al F 01 ^ u- k -v~ k . 

/, — r~\ TX-^Ok.alJ- 



Hence, we have 



- , - r v " J = (0,n) 

J = {(a,n);a / 0} 



(21) 



By the same way, one can get the other structure constant generating functions from the rest 
of equation (|14p . The formulas are listed below: 

C J (u a ,v a ) = { v«{u)- Pa (v) u ' h -r I 

J=(0,n), 



and 



C J (u ,v a ) 



C J (u a ,vp) 



po(u)~ 


-Pa(v) 


v~ 


■71 


po(u)- 


-Pa(v) 


—u 


— n 


Pa(u)- 


-pp(v) 


V~ 


-n 


Pa{u)- 


-pp{v) 



We remark here that by comparing above with (|19p it is easy to show that 

Con,o m = 0, k > n + m - 1; C^ am = 0, k>n + m + l 

Con,am = 0> k > n — 1; C'on.om = 0j k > m 
C^ m = 0, fc>n; Cf i/3m = 0, k>m 



and hence the infinite sum in (|16p involves only finite terms. 

We can now show that any solution F of the universal Whitham hierarchy obey the as- 
sociativity equation with the help of those structure constants. To show that the generating 
function (|20p is totally symmetric with respect to the permutation of u a ,VR,w^, zg, however, 
it is enough to prove the symmetry with respect to the permutation of vg and in (|20p . that 

is, X(Ua,Vp,W^,Zs) = X(u a ,W-y,Vi3,Z S ). 
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For the case of a, (3, 7, 5 7^ 0, we need to prove that 

( Pa {u) - Pl { w )){b a (u) - bp{v))b 1 {w)b 5 {z)F 

(22) 

= (p a (u) -Pfi(v))(D a (u) - D J (w))D^(v)D s (z)F, 

By virtue of (|15|) . one can easily check that it is an identity. Take as the second case : 
a = /3 = 7 = (5 = 0, we need to prove that 

(po(u)-p Q (w))(b (u)-b Q (v))b (w)b (z)F 
= (po(u) - Po (v))(b (u) - b (w))b (v)b (z)F, 

Consulting (fToj) . one can see that it actually holds. As for the case : 5,f3 = 0, the one 

needed to be proven is that 

(Pa(u) - Py(w))(D (v) - b a {u))b 1 {w)b s {z)F 
= (Po(«) - p a (u))(D a (u) - b, / (w))b (v)b s (z)F 

One can also verify that it is true according to (|15|) . For the other cases , the calculation is 
similar to the above one, we omit that here. 

4.3 Realization of the Associative algebra 

To construct the generators {4>j} which realize the associative algebra with structure constants 
Cj K obtained in the previous subsection we define 

( dQ a „(p) a = 0,1 ,N:n > 1. 

^niP) = * - (23) 

1 « = !,■■• ,N. 

such that (j)on{p) are polynomials in p and 4*oin(p) for ol ^ are polynomials in {j) — Qa) 
In particular, 0oi(p) = 1 5 the unit element of the algebra. Equations ([3]) and provide the 
recursion relations for 4>o n (p) and 4> an (p), respectively. There are four classes to be discussed. 
In f2o)fr° m the kernel formula ([!]) we have 

— =J2 z ~ n fon(p). (24) 
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Thus 

Z~ n W~ m 4>0nip) ■ 4>0m 0) 



(po(z) -p)(po(w) -p) 



n,m=l 

1/1 J 



Po{z) - Po(w) \Po(z) - p Po(w) - p 

w~ l )Mp) 



Po(z) 



-poH \f^" 



Y,C m {z ,wv)Mp), 



1=1 



which together with (|19p implies 



'->0n • POm — 

1=1 



(p). (25) 



In Q a , note that the kernel formula (|8|) can be rewritten as the following form: 

— = ^2w~ m 4> am (p). (26) 

By the same way as above, we have 



'an Yam — 

1=0 



While in Hofl!],,, it's easy to see that 
1 1 



p (z) -pp a {w) -p 



Z n W m 0On(p) ■ 0am (P) 
n=l,m=0 

1/1 1 



Po(-z) -Pa(w) \Po(z) ~P p a {w)-p 
= rV ^- ^ f V z- n 4> Qn - V -u;- n </ 

\n=l n=0 

= YC On {z o ,w a )0 On + ^2c an (z ,w a )4> an 

n=l n=0 

which implies that 

4>0n ■ 9am = £ CoL,am<t>Ol(p) + $^ C^ am j) a i{p). 



1=1 1=0 



Finally, in £l a D^Ir, we have 



Pan ■ 4>f5m = £ ^an,^M + £ &ZLj3mfol(P)- 
1=0 1=0 

Therefore, the generators {^j} indeed satisfy the algebra (j>j • <j>j = J2l ^jk^l with structure 
constants defined in the previous section. 
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Next let us derive the residue formulas for the third derivatives of F directly from the 
dHirota equations. Applying <9oi on the first dHirota equation (|14|) . we see that 

D (u)D (v)F 01 = , ~ l , r (A)(u) - D (v))F 01i01 , 
Po{u) -po{v) 

and thus 

D (u)Do(v)DoHF = jZres pq Do(Hp)) Foifli . (2?) 

~ {P - Po{u)){p - po{v))(j) - po\w)) 

Expanding both side of ([27]) in the powers of u,v,w, we get that 

~ i r BoiMp) z x x 

Foi,oj,ok = A^p) voiVOjVokdp, 

where, due to the fact that = doip(p) = doip(\)+d\p(\)doi\, we have replaced Do(^)-^bi,oi = 
—doip(X) = doi\/\'(p) in the numerator of ([27]) . For those cases containing different domain 
indices, one can derive the formulas by straightforward calculations. In fact, they can be 
summarized as a single equation : 

3 ^ / D(\)Fqi oi \ 

D a (u)Da(v)D^(w)F = > res v . -. . . . . . '. . . ; — rrdp , 

ot\ J p\ ) y\ p > \(p - p a (u))(p - pp(v))(p - Pl (w)) P )' 

where a, (3, 7 = 0, 1, • • • ,N and -D(A) denotes as a bookkeeping notation defined by D(\(p a )) = 
A* (A). 

4.4 Finite-dimensional reductions 

We now consider finite-dimensional reductions of the Whitham hierarchy. Suppose </> a (A) 
are times-independent functions so that E{p) = <p a (\{p)) is a meromorphic function of p in 
Q a (a = 0, • • • , N) with the number of poles being unchanged under the flows t an . Then the 
sum of the residue in the third derivative of F is now the zeros of E'{p): 

Fjkl= r ^Ps( Z %^h(p)4>K(p)k(p)d P ). (28) 

Such a finite-dimensional reduction imposes a set of additional constraints on the system and 
the algebra becomes finite-dimensional. Since unknowns of the system are functions of the 
second derivative of the free energy F, one can choose i*bi,p = Fjp as the independent variables 
called primary fields where the time parameters {tp} span a finite-dimensional small phase 
space. All other Fip> can be expressed in terms of these primary fields through a functional 
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relation Qd(Fip) where D denotes those time indices outside the set P. With respect to this 
separation, we rewrite the Fklm a s 



Fklm = y2\ Ckl + y~] Ckl^It- ) F JMi 
jTp\ D dFlJ J 

= X] C KL F JMI 

JeP 



(29) 



The object C KL = C KL + J2d ^klWT'j define the structure constant of a finite-dimensional 
algebra generated by the primary fields. Consequently the finite-dimensional WDVV equation 
is now defined by Xjklm = YIa&p^j^k-^alm (J,K,L,M £ P). Following [3], one can show 
that this Xjklm is totally symmetric with respect to all the indices in the set P by proving that 
Xjklm = Xjklm for J,K,L,M € P. This completes the verification for the associativity 
equations corresponding to finite-dimensional reductions of the dHirota equations. Define a 
scalar product : 



if-m- £ res Ps ( f(p)g(p)dp) , CUM 



E'(p 3 )=0 



then we see that tjjk = Fjki = (0J ■ §k) because of <pj = 1. Therefore 

Fjkl = (hk -k) = Yl Cjk^a ■ k) 

AeP 

= X CjK F ALI- 

AeP 



(31) 



This gives another proof of the WDVV equation since now it reads Xjklm = {'Pj'Pk • 4>l$m) 
and the symmetry with respect to the permutation is now obvious. Let us mention the well- 
known finite-dimensional reduction constructed by Krichever[16j, in which (j> a {\) = A™ a and 
E(p) is a rational function of the form 

N n a 

E(p) = p n ° + u no . 2P ^- 2 + ■ ■ ■ + u + X E 7 ^ Vs (32) 

o=l s=l {P Qa> 

which provides the algebraic orbits (or Lax function) of genus-zero Whitham hierarchy. Note 
that the number of zeros p s in (f28|) is equal to the number of unknowns {u no , ■ ■ ■ , u no -2,v as ,q a } 
and the small phase space is characterized by the time-parameters tp with P being the set 
{(0, i), i = 1, • • • , no — 1; (a, m),a = !,••• , N;m = 0, • • ■ , n a }. 



5 Concluding Remarks 

We have demonstrated that the kernel formula approach developed by Carroll and Kodama for 
the dKP hierarchy can be generalized well to the universal Whitham hierarchy. The obtained 
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dHirota equations are exactly the same as those derived by Takasaki and Takebe using the 
notion of Faber polynomials. We extract the structure constants of an associate algebra from 
the dHirota equations and verify the associativity equations of the algebra. Finally, we give 
a realization of the associative algebra with the structure constants expressed in terms of the 
residue formula and verify the associativity equations for finite-dimensional reductions. We like 
to emphasize that the kernel formula approach indeed provides an efficient way to derive the 
dHirota equations of the genus-zero Whitham hierarchy. It would be interesting to generalize 
and/or reformulate the kernel formula approach to higher genus [16]. We hope to address this 
issue in the future work. 
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